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Abstract 

This paper is dedicated to defining the concepts of two-fold neutrosophic continuous 
functions, two-fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy 
differentiable functions for the first time. 

The elementary properties of these novel concepts will be studied and handled through 
many theorems, as well as many clear examples that clarify the validity of these analytical 
concepts. 

Keywords: two-fold algebra, two-fold neutrosophic function, two-fold fuzzy function, two- 
fold differentiability. 

Introduction 

Two-fold neutrosophic algebras are new algebraic structures presented by Smarandache [1] 
by combining neutrosophic values of truth, falsity, and indeterminacy with classical 
algebraic sets. These ideas were used by many authors to generalize other famous algebraic 
structures such as two-fold fuzzy number theoretical systems [2-3], two-fold modules and 
spaces [4], and two-fold fuzzy rings [5]. Also, they were used in the study of some special 
two-fold complex functions such as Gamma function [7], and in extending n-refined 
neutrosophic rings [6]. 

Neutrosophic real functions and their applications were studied by many authors [8-25] in 
many different ways. 

This has motivated us to introduce the concept of two-fold neutrosophic continuous 
functions, two-fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy 
differentiable functions for the first time. The elementary properties of these novel concepts 
will be studied and handled through many theorems, as well as many clear examples that 


clarify the validity of these analytical concepts. 


Raed Hatamleh, On The Continuous and Differentiable Two-Fold Neutrosophic and Fuzzy Real Functions 


Neutrosophic Sets and Systems, Vol. 75, 2025 197 


This study will be very important in the near future to generalize classical real analysis into 
an extended version based on two-fold algebra of real numbers. 

Main Discussion 

Definition 1. 

Let i, f,t: R > [0,1] be three real functions denote to the neutrosophic ordinary real values 
of truth, indeterminacy and falsity. Let g: R— R be a real function in one variable g = 
g(x); x € R. We define the corresponding two-fold neutrosophic real function as follows: 


9n:R > Reis) + In) = (G(X) 000,100,F 0) 


Example 1. 
Let 
i,t, f:R- [0,1], 
such that 
i(x) = min (Ix iz aa) ix# i(0) =1 
tx)= min ([x3 |, FE =) x#0 and (0) = ve 
f(0) = 2 
f(x) = min (Ix) :x #0 
Consider 
g:R> R; g(x) =x? +1, 
then 
gn: R> Reis), 
such that: 


ee (x? + Daw i@,ron) 1X #0 
Gn) = Dory ;x=0 


For example if x = 2, then 
1. 1 1 
t(x) =a ,i(x) 5 if) 4 gx) =5, 
gn(X) = S)ars. 
8'2’4 


Definition 2. 
Let 

gn: RO> Reis) ; 
be a two-fold neutrosophic real function, we say that: 


1) gy is fully differential at xg € R if: 
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g' (Xo) is existed 
i’ (Xo), f'(%o), t’ (Xo) are existed , 
i'(Xo), f’ Xo), to) € [0,1] 
2) gn is T-differential (differential with respect to truth component) at x9 € R if: 
g' (Xp) is existed 
t'(xo) € [0,1] 
t’ (Xo) is existed 
3) gy is I-differential (differential with respect to the indeterminacy component) at x) € R 
if: 
g' (Xo) is existed 
i’(%o) is existed , 
i'(xo) € [0,1] 
4) gy is F-differential (differential with respect to the falisty component) at x9 € R if: 


g' (Xo) is existed 
f' (Xo) is existed . 


f'(%o) € [0,1] 
Example 2. 


Take: f(x) = min (ax) ,i(x) = min (=, x*) ,t(x) = min (Ix) ,t(0) = i(0) = f(0) = 


gn(x): R > Rif) , 


G?+x+ Diewoicp@) 1% * 9 
gn (x) = (1), 


) ;x=0 ; 
2272. 


It is easy to see that : 

g' (Xo) is existed for all xo # 0, 

t' (Xo), f'(%o), t’(%) are existed for all xp # 0, 

t' (Xo), f'(%o), i’ (%) are not existed for all x) = 0. 
Hence, gy is not differential for x9 = 0. 


For x9 = 2, we have: 


g' (2) = 5, f(2) = 2, f"(2) < 0,i(2) ==, i'(2) < 0, t(2) =. 
ce! 2x 
Hin fy fim 2) tin Bee 0 
x2 x-2 X02 xX-2 x >2 x-2 x22 2|x| 4 . 


Hence gy is not fully differentiable for x9 = 2. 
Example 3. 
Let g(x) =x? -—x-1,i(x) = f(x) =t(x) = x 
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then i’(x) = f'(x) =t'() = 0 forall x ER. 

Hence gy is fully differentiable for all x € R. 

Remark1. 

The set of all points x € R for which gy(x) is fully differentiable is denoted by FD(gy). 


Example 4. 
Try to find FD(gy) for: 


1 
g(x) = 3x2 +x—5,i(x) =42 7% *9 tex) 
0:x=0 


, 


x 
jx] -1<x<1 


(3x7 +x-5)ai1, x21 
GD 


n(x) = (Bx? +x —5 Jed x2) —1<x<1,x#0. 


(3x7 +x —5) 114 x<-1 


x '2’x2 


We remark the following: 
The function (g) is differentiable on R, and g'™ = 6x +1. 
The function i(x) is differentiable an R* with i’(x) = 0 forall x # 0. 


The function t(x) is differentiable on R* with: 


—1 
io x>1 
i; 1 
t'(x) = 2 x<-l 
x 
1 O0<x<i1 


-1 -1<x<0 
The function f(x) is differentiable an R with: 


ioe ars x21,xs-1 
2x -1<x<l 


We can see that: 
t’(x) € [0,1] = x € ]0,1[ U ]—o, -1], 


f'(x) € [0,1] = x € ]o,<| UJ-o0, - 42. 


i'(x) € [0,1] = x € R*. 
Thus 
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FD(gy) = Jo.5| U |=, -VJ[. 


Definition 3. 


Let gy bea differential two-fold neutrosophic function on I © R, we define 
Gn (x) = (F'O) eres’) XE I. 
In the previous example, we can see: 


1 
(6x + 1) (1,0,2x) xeE Jos] 


gn(x) = x € |—00, —V2/ 


(6x + ee 


x3 


Definition 4. 


Let gy, hy:R > Reif) be two-fold neutrosophic real functions, we define: 
1) Gy + hw) = (9) +h) reaicoreny 


where 


t(x) = min(¢, (x), t2()) 
f(x) = max(f,(x), fp) 


i(x) = max(i; (x), i2(x)) 


2) (-gw)(x) = (-g OO) esceri00.A00)" 


3) (gw-hw) CD) = (9C)-hCD) cea i@,pooy" 


where, 
t(x) = max(t, (x), t2(x)) 
f(x) = mini), fi), 
i(x) = min(i, (x), in(x)) 


4) For hy(x) # 0, a) (x) = (ray ee 

where, 
i) =1-h) 
f@) =1-f,@) . 
i(x) = 1—i,(x) 

Result 1. 


From the definition, we get directly: 
1) Cy — hw) = (96) - 2) es seopeny 


where, 


t(x) = min(¢, (x), t2(x)) 
f(x) = max(f,(x), p(x), 


i(x) = max(i; (x), i2(x)) 
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9) (9%) (x) = (22 4 
) (2) ¢ ) Ge ihieseds 
where, 


t(x) = max(t; (x), 1 — t2(x)) 
f(x) = min(f,(«),1— fp(x)), 
i(x) = min(i, (x), 1 — i,(x)) 


3) Lov @)I" = (L9 I) (e004, 00.,00). 


Theorem 1. 

Let gy, hy: R > Rei) be two-fold neutrosophic real functions, then 
1) Gw + Ay)’ = gn + hy » 

2) (gn — hy)’ = gn — hy, 


3) (ON) = 2. GN "1,190 - 


Proof. 

1) [(g + A)@)]' = g(x) + h'(x), t'() = min(t}(), t2(x)), Ff’) = 
max(fi (x), fs(x)), i (x) = max(it (x), (x), 

so that: 


(Ou + hy) @) = (9'@) + HCD) ereqarep'0) = INO + hy. 


2) it can be proved by a similar argument. 
3) [g"(x)]' =n. g'(x).g"™ (),and 


(gh ())' = (n.g' gh 4@)) | yee (9'O) ere neo,100) (9% *(x)) 


t4 (x), 14 (2), fi () (0,1,1) 


= we) CieC) 


Remark 2. 
If gy, hyare fully differentiable on J © R, then 


(gw hw (x)) = (G'h), G2) e'Co,#' ey, Fr00)" 


where, 


t'(x) = max(t; (x), t3(x)) 
i'(x) = min(i, (x), (x) . 


f'(x) = min(f{ @), fe @&)) 
Definition 5. 
We define 


Ge) = (Fay 


Ve (x),1-i (x),1-fR (x) 
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Result 2. 
The derivative (2% x)= (gi h=h' a) , 
(rs) “2 ( ) Lien 
where, 
t(x) = max(t! (x), 1 — ¢4(x)) 
i(x) = min(i,(~),1—i,(x)) . 
f (x) = min(f{ (x), 1 — fe(x)) 
Example 5. 
Take: g(x) = 3x* + 1,h(x) = x3as two real functions. 
1x20 
0;x>0,x <0 a 
— ? — 1 
E@a (4 e@) digo’ 
1 
mikes <-] 3 3x20 
is(x) =} x as in(x) = 1 , 
0;x>-1 —;x<0 
4 
1 
4 sx >1 
1 
fAi@={0 ;xEeR fp@= gzi-isxsi, 
: <-1 
ai 
In dy: R-> Reis, 
such that: 
9n@) = (9@)eeqint) = Bx? + D@.i.co,A@), 
hy) = AG) eerie) = CP) @.i20.fo00) » 
g(x) is differentiable on R, and g'(x) = 6x, 
t,;(x) is differentiable on R*, and t;(x) =0;x € R*, 
= x<—-1 
i,(x) is differentiable on R|{—1}, and i; (x) = fr ; 
0 x>-1 


f, (x) is differentiable on R, and f/(x) = 0. 
So that gy(x) is differentiable on R|{0,—1}, and 
(62) (0,40) x € J—co, —1[ 


gn) = (6x) (0,00) x € |-1,0[ U ]0, o[ | 


On the other hand, we have: 
h(x) is differentiable on R, and h'(x) = 3x?, 
t2(x) is differentiable on R*with t;(x) =0;x #0, 
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i,(x) is differentiable on R* with i,(x) =0;x #0, 

f2(x) is differentiable on R|{—1,1}, and fp (x) = 0;x € R|{-1,1}. 
Thus hy(x) is fully differentiable on R|{0,1,—1}, and 

hy = (3x7) 00,0) + x € RI{0,1, -1}, 


(gu + hy)’ (x) = (6x + 3x7) 4 4) 5x € RI{O,1, -1}, 
ry2? 


(gn — hy)’ (xe) = (6x — 3x7) 1 4) 5x € RI{O,1, -1}, 
nya? 


(gy-hy)' (x) = (6x.x? + (3x? + 1).3x7) 90) = (15x* + 3x7) 900), 
gNn\' _ (6x(x3)-(3x?)(3x?+41) _ (-3x4-3x? 
) (x) ~ ( Voi = ( 


= = ee ;x € RI{0,1, —1}. 

Definition 6. 

Let uw: R > [0,1] be a real fuzzy function, and g:R — R be a real function in one variable 
9g = g(x). 

We define the corresponding two-fold fuzzy real function g,(x%) = (9))ya) x € R. 


Example 6. 
Consider pw: R > [0,1], g: R > R such that: 
—1 
= eS 1 
x 
_jx* -1<x<0 
LO tage * 
1 
—- x>1 
x 


and g(x) = 7x? + cosx, then: g,:IR —> Ry such that: 


(7x2 +cosx)-1 x<-1 


x 


(7x2 + cosx)y2 —1<x<0 
(7x? +cosx), OSx<1 
(7x2 +cosx)1 x>1 


Gu(x) — 


For x = 2, we have 
Gp) =O? = Dy, 


For x = 0, we have 
Gn(0) = Do. 
Definition 7. 
Let gy:R-— R,; be a two-fold fuzzy real function in one variable, we say that gy is 
differentiable at x9 € Rif and only if: 
g' (Xo), U'(%p) are existed, and p'(x) € [0,1]. 
Example 7. 
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Take u(x):R > [0,1], g(x): R > Rsuch that: 


1 
2 x<0 
u(x) = 1 g(x) =1+x?, 
72 x>0 
x 


(1+ x7). ;x <0 

. . = 2 

Gy (x): R > Re: gy (x) (+x). “x >0’ 
x2 


9, is not differentiable on [0,co[, that is because g'(0) is not existed, u(x) € [0,1] ;x >0, 
Gu is differentiable on ]—~,0[, that is because g’(x),u'(x) are existed for all x € ]—oo, 0[ 
and p'(x) = 0. 

Thus g'(x) = {(2x)o ;x <0. 

Definition 8. 

Let (u,a@):R > [0,1], (g, 4): R > R, (gy, ha):R > Re such that: g,(%) = (9(*)) uy hal) = 
(h(x) acxy, then: 

1) (Gu + ha) (x) = (9%) + AO) minquce,a(x)) » 

2) (Gu — Ra)(x) = (g(x) — A(X) mingee)a(x)) + 


3) (gu) @) = "Cue » 
4) (Gu: Na) (x) = (g(x). A(X) max(u(x),a(x)), 


5) (2) (x) = cs 


6) (z)@ = (=) 3 

oe 9u /max(a(x),1-u(x)) 
On the other hand, we define: 
1) (g'(x) A(X) min (yu! (x),0! (x)) = (Gu on ae 
2) (g'(x) = h(x) min (yu! (x),a! (x)) = (Gi _ he), 
Biatg Oho" CO) wes = Gp » 
4) (g'(x). h(x) + h'(x). 9(X))max(u!(x),a' (x)) P 
5) (2 = (4) ; 

(Fe ) aes Iu 


ha) _ (h'@)g@)-9' A) 
6) (=) = ) 


970) max(a!(x),1-H'(x)) 
Example 8. 
Take (u,a@):R > [0,1], (g,h): R > R, (gy, ha): RO Re, 
such that: 
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1 
-1 3 x<-2 
(naa hha ny) S44 xsl ,a(x)=40 -2<x<0, 
= 1 
1 x>-1 5 ee; 


(e7)r. jx 2 
WHA) p12 3 
9ux) = Ag) =41(%7)o 3-2<x50, 


(x +1), ;x>-l1 (x?)1 ‘x >0 
2 


h(x), g(x) are differentiable on R, with g'(x) = 1,h'(x) = 2x. 
a(x) is differentiable on R|{—2,0}with a'(x) = 0 for all x € R|{—2,0}. 


For p(x) at x = —1, we have: 
AOS a1). AGH 
x+1 x+1 ’ 
a HOA ‘ Lt 
lim ————— = lim =0, 
x2-1t x+1 xo-1t x +1 
(x) — w(-D) ed = 1 
xX 7 ‘ms —S—=— — 
lif ii i i Sd, 
x2-1- x+1 xo-1 x4t1 xo-T X41 x>-1 x 


hence u(x) is differentiable at x = —1, 
u(x) is differentiable on R|{—1}, and 


iL 
po a4 fs x< -—1 ; 
0 sx >-1 


(Gu + ha) @) = +142%7) nin ayo) = (2X +1)0 3x € RI{-2,0, -1}, 


(9u — ha) (x) = (1 = 2x) min (u'@,0) = (1 - 2x)o 5x © RI{—2,0, -1} , 
neti sx =—1 
2 


(gi) Gd) =n.(x+ iia, = | x? , 
7 sean GH n 3x >. S1. 


( y‘( ) 2 (3x7 +2x)a ;xS—-1,x#-2 
Gu-Ng) (x) = (3x? + 2x) "(x),a! (x)) = - 
phe max (u (x),@’ (x)) (3x? + 2X)o 5x > —1 1X # 0 


and so on. 

Definition 9. 

Let gy: R > Rif) be a two-fold neutrosophic real function, we say that: 
1) gy is fully continuous at x9 € R if: 


g is continuous at Xo 
i, f are continuous at Xp , 
t is continuous at Xp 


2) gn is T- continuous at xX) (continuous at x) with respect to truth component) at Xo € R if: 


g is continuous at Xp 
t is continuous at Xq ’ 
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3) gn is I- continuous (continuous with respect to the indeterminacy component) at Xo € 
R if: 


, 


g is continuous at Xp 
i is continuous at xo 


4) gy is F- continuous (continuous with respect to the falisty component) at xo € R if: 


g is continuous at Xp 
f is continuous at Xo * 


Definition 10. 

Let gy:R-— R, be a two-fold fuzzy real function in one variable, we say that gy is 
continuous at Xo € Rif and only if: 

g, “ are continuous at, (x9) ER. 

Theorem 2. 

Let gv: R- Rei) be a two-fold neutrosophic real function.If gy is fully differentiable, 
then it is fully continuous. 

Proof. 

Assume that gy is fully differentiable, then we have: 

g' (Xo) is existed 

i'(%), f'(%o), t’(%) are existed 

i'(Xo), fF’ (Xo), t’ (Xo) € [0,1] , 

Thus 


g is continuous at Xo 
i, f are continuous at x , , 
t is continuous at Xo 


so that it is fully continuous. 

Theorem 3. 

Let gy: R > Raj) be a two-fold neutrosophic real function.If gy is T- differentiable, then 
it is T- continuous. 

Proof: 

Assume that gy is T- differentiable, then we have: 


g' (Xo) is existed, 
t' (Xo) is existed, 
t'(xo) € [0,1] 


Thus, g is continuous at x9, and the function tis continuous at X9 ,so that it is T- continuous 
Theorem 4. 

Let gy: R > Req) be a two-fold neutrosophic real function.If gy is F-differentiable, then 
it is F-continuous. 

Proof. 


Assume that gy is F- differentiable, then we have: 
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g' (Xo) is existed, 
f' (Xo) is existed, 
f'(%o) € [0,1] 
Thus, g is continuous at x9, and the function fis continuous at x9 , so that itis F- continuous. 
Theorem 5. 
Let gy:R > Rq@j) be a two-fold neutrosophic real function.If gy is I- differentiable, then 
it is - continuous. 
Proof. 
Assume that gy is I- differentiable, then we have: 
g' (Xo) is existed, 
i’ (Xo) is existed, 
i'(X9) € [0,1]. 
Thus, g is continuous at x9, and the function i is continuous at X9 , so that it is I- 
continuous 
Conclusion 
In this paper, we defined the concepts of two-fold neutrosophic continuous functions, two- 
fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy differentiable functions 
for the first time. 
The elementary properties of these novel concepts are studied and handled through many 
theorems, as well as many clear examples that clarify the validity of these analytical 
concepts. 
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